Two Axioms to Extend ZF Theory

K. K. Nambiar

Former Professor and Dean, School of Computer Science

Jawaharlal Nehru University, New Delhi 110067, India
email: nambiar@mediaone.net




OBJECTIVES

e to show that adding Axiom of Monotonicity and Axiom of Fusio
to Zermelo -Fraenkel Theory makes it easy to visualize the hithe
difficult concepts of set theory.

e to explain the foundations of mathematics to motivated laymen us
appropriate notations.

e to establish that Web is an ideal place for publishing sophistica
mathematics usinggK.

e to provide a tutorial for hyper references on the Web ustigXL

e to make it clear that no aspiring mathematician can today compl
that he is unable to publicize his ideas to the wide world.




purnam adahpurnam idam

purnat purnam udacyate

purnasya prnamadaya

purnam ewa avasigate ||
—Brihad-aranyaka Upanishad 5.1.1
(see translation




INTRODUCTION

The purpose of this electronic article is to summarize some of the signif-
icant results that appeared in two recent paper publicatibn2] [on the
foundations of set theory and give some refinements and extensions of those
results. These papers define an axiomatic theory chitedtive Set Theory
(IST), in which Generalized Continuum Hypothe4lSCH) andAxiom of
Choice(AC) are theorems. A crucial concept in IST is that ob@nded
classwith illusive elements in it, which even the axiom of choice cannot
access. The introduction of bonded classes makes it impossible to produce
sets which are notebesgue measurablélso Skolem Paradoxloes not

arise.

Reasoning about reason is obviously unreasonable, yet that is what weh
forced to do when we consider the foundations of mathemajcéfcept-
ing this as unavoidable, we add two axioms to Zermelo-Fraenkel (ZF)
theory with the hope that we will not, thereby, introduce contradictions |
it. Central to the derivation of GCH in IST is the Axiom of Monotonicity. “Back |




(AM), which once stated makes the deduction of GCH almost immediate
(Section3). Another axiom in IST called the Axiom of Fusion (AF), con-
verts all sets of cardinality greater th&lp into impregnable bonded classes
leaving us with essentialky, to deal with (Sectiod). These two axioms we

want to state clearly so that we may examine them critically. What follows 5/21
Is self-contained and does not need any referenck @j.|




AXIOM OF MONOTONICITY

Here is how Halmos explaing] the generation of;, the ordinal corre-
sponding toX; from w.

... In this way we get successively, w2, w3, w4, ---. An
application of the axiom of substitution yields something that
follows them all in the same sense in whichfollows the
natural numbers; that somethingug. After that the whole
thing starts over againo®+ 1, w?+2, - - -, w4 w, wr4w+1,
CAw+2, w2, w2+ 1, W 4wl -
w2+w4,---,w22,---,w23,---,w3,---,---,w‘”,---,w(“w),

R ) H . The next one after all this is); then
Come€0+1,€0+2,'°',€0+w,"',EQ‘FCUQ,"',€0+w2,

2
...’€0+ww’...’602’...’€0w’...’eoww’...’eo’ ......

6/21

This explanation, perhaps one of the best available, is satisfactory if
are interested only in understanding what transfinite numbers are. But




we want to go beyond and investigate the properties of these numbers, then
we have to look for more terse notations. Here is a solution that looks
promising.

For positive integerg: andn, we define an infinite sequence of operators
as follows. 7121

m®0n:mn,
m®*1=m,

me*n=ma"[ma"[-[ma"m],

where the number afi’s in the product is» andh = k£ — 1. Itis easy to
see that

me'n =m",
.m
m’

m®in=m ,

where the number af’s tilting forward isn. We can continue to expand
the operators in this fashion further, but we will not do so, since it doe_
not serve any purpose here. We use these operators/fiopolizing the |
transfinite cardinalef Cantor. “Back |



http://www.ece.rutgers.edu/~knambiar/science/AckermannFunctions.pdf
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We remove the restriction om andn to be positive integers and claim
that these operators are meaningful even whemand n take transfinite
cardinal values. We go even further and assert that

Nos1 = N, @R, 8/21

The reasonableness of this equation can be judged from the fact that the
ordinal corresponding t8;, can be written in the form

w1:{0,1,2,---w,---wQ,---w”,---“’w,--- o e}
:{071727...w’...w®0w7...w@le...w®2w7... R ,}
This can be verified easily from the description.gfgiven by Halmos ear-

lier. One more equation we will assert is that
M =2 @' N,.
With these notations we can state the axiom that we are interested in.

Axiom of Monotonicity. N,.; = R, @Y R,, and2® = 2 @' N,. Further,
if my < ma, ki < ky, andn; < no, thenm; @ ny; < my @ ns.




Continuum Theorem. R, = m ®* X, for finitern > 1,k > 0.

Proof. A direct consequence of the axiom of monotonicity is that, for fini
m > 1 andk > 0,

M =2 RN, <M"N, <N, N, =N,.;.
When we combine this with Cantor’s result
Nop1 < 2%,
the theorem follows. []
Generalized Continuum Hypothesis.N, ; = 2%,
Proof. If we putm = 2, k = 1 in the Continuum Theorem, we get
Npp1 =2 @R, = 2%
making GCH a theorem. [

Axiom of Choice. Given any seb of mutually disjoint nonempty sets, there
is a set containing a single member from each elemeft of




Proof. Since GCH implies AC and since we have already proved GCH,
lom of choice follows. []




AXIOM OF FUSION

11/21

Before we can state the axiom of fusion, it is necessary to give a few
definitions The most significant definition here is that of a bonded class, a
class from which only a distinguished element calie@ximal elementan
be identified by the axiom of choice.

Figure 1 should help build up a mental picture for the definitions that
follow. We want to imagine how an infinitesimal part of a unit interval looks
like, when magnifie®, times. The red line in the figure is, perhaps, as goad
a representation as any for an infinitesimal, and we can imaging {lsaich
infinitesimals constitute a unit interval. The age-old question about a paoint
on the real line is, whether it is a tingon filing or asteel ball According
to our view here, it is both. The lineA, B) in the figure is the filing and
B is the ball, with the clear understanding that these are only figments @
our imagination and can never be palpable. This fact has been at the ro@
cause of incessant quibbling among generations of mathematicians, wh




made one mathematician finally call the infinitesimals “ghosts of departed
guantities”.

a realquirk
A (2% figments) 2

[SSR] )

The binary sequende1010101 . .. shown in the figure indicates that the
infinitesimal in our visualization corresponds to the numg)eiam the unit
interval. In the red lind A, B], B is the element that can be identified and
chosen by the axiom of choice and the rest of 2ieelements in A, B]
remains inaccessible even to the axiom of choice. For this reason, it may not
be unreasonable to cdll, B) arealquirk and the elements in figments
The essence of the Axiom of Fusion is that the elements of the infinitesimal
(A, B] are only figments of our imagination, except #8r which we may
call arealquark With these background ideas, we can state our definitionSspp|

Class:A set which has sets as its elements.
Family: A set which has classes as its elements.




Complete classA class in which the union of the sets initis also in the
class. This distinguished element we will call tine
of the complete class.

Bonded classA complete class from which the axiom of choice can
choose only the maximal element and none else. The existence og/21
such sets is what the Axiom of Fusion that follows is all about.

Realquark:The maximal element of a bonded class.

Figment: Any element of a bonded class other than the realquark.

Realquirk: The set containing all the elements of a bonded class other
than the realquark.

2%a: Power set oR,,.

(ga): Combinatorial sebf 8, defined as the class of all the subsets of

ffla of cardinalityXN,,.
Bonded family:A family in which every element is a bonded class.
Real cardinality: The cardinality of a bonded family.
R: The class oinfinite recursivesubsets of positive integers, a class-
of cardinalityN,.
x: An element of the clask, which defines an infinite binary sequence g

and hence equivalent to a real point in the unit intefvall |. ]




(z]: The cartesian produatx 2%+, which we will call theinfinitesimal
€.

Microcosm: The cartesian produd® x 2%+, considered as an adequate
representation of all the points of the unit inter{@l 1].

N: An element ofR?, which defines an infinite binary sequence written 14/21
leftwards and hence calledsapernatural number

| N): The cartesian produgt™ x N, and hence called@smic stretch

Macrocosm:The cartesian produt« x R, considered as an adequate
representation of atounting numberseven those above supernatu-
ral numbers.

Using these definitions, we can now state the axiom of fusion.

Axiom of Fusion. (0,1] = ({*) = R x 2%, wherez x 2% is a bonded
class. |

The axiom of fusion says théf, 1] is a bonded family. Further, the signif-
icantcombinatorialpart of the power set ak,, consists oY infinitesimal
bonded classes, each of cardinalff*. Thus thereal cardinality of the
family (3°) is Ro.

We define Intuitive Set Theory as the theory we get when the axioms
monotonicity and fusion are added to ZF theory.




Combinatorial Theorem. ({*) = 2%.

(07

Proof. A direct consequence of the axiom of fusion is that

N
Mo < [ )

Since,(}*) is a subset o™,

and the theorem follows.

Unification Theorem. All the three sequences
NO) Nl) N27 N37 o oc
Ny, 2% o™ o2

Ro, () (1)s ()

represent the same series of cardinals.




Proof. The axiom of monotonicity shows that the first two are the same, and
the axiom of fusion shows that the last two are same. []

Cantor’s theorem asserts that every model of ZF theory has to have car-
dinality greater thaml,. On the other hand, dwenheim-Skolem theorem 155,
(LS) says that there is a model of ZF theory, whose cardinaliyisThese
two contradictory statements together is called Skolem Paradox.

Intuitive set theory provides a reasonable way to resolve the Skolem Para-
dox. We merely take the LS theorem as stating thatehécardinality of a
model of IST need not be greater thidn

In ZF theory, it is known that there are sets which are not Lebesgue mea-
surable, but it has not been possible to date to construct such a set, without
invoking the axiom of choice. The usual method to produce a nonmeasur-
able set, is to choose exactly one element from each of the se2™ we
defined earlier, and show that every one of $Hesets thus created is not
Lebesgue mesureable. This method is not possible in IST, begays®
Is a bonded class and therefore the axiom of choice can choose only /GRg
element fromz x 2%, thereby, allowing it to produce only one set out of the
2% sets. Since the creation of all tB& sets is crucial for the argument to
establish the existence of nonmeasurable sets, we conclude that the a><=




of choice cannot be used in IST for producing nonmeasurable sets. He
it would not be unreasonable to assert that there are no sets in IST w
are not Lebesgue measurable.




CONCLUSION

From the definitions given above, it is obvious that there is a one-to-
one correspondence between the point$)ir | and the counting numbers.
Hence, our statements about microcosm are equally applicable to macro-
cosm also. Further, it should be clear that intuitive set theory will suffice
for scientists to investigate the phenomenal world, and classical set theory
will be needed only if we want to probe the complexities of the noumenal
universe.

The two axioms given here allow us to visualize the unit intefGall ]
in a simple way. We can considé€b, 1] as a graph withy, edges and,
nodes, each edge representing a realquirk WitHigments in it. Each node
represents a realquark corresponding ealekind cutn the interval.

If the axioms of monotonicity and fusion do not produce any contradi
tions in IST,we can divide the statemera$ IST into four mutually exclu-
sive categoriesF is atheorem if a proof exists forF’, but not forF. F is
afalsehoodif a proof exists fof’, but not forF'. F is anintroversion if a
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proof exists fo’ when F' is assumed, and a proof fét exists wherF is
assumed F is aprofundity, if a proof exists for neitheF’ norF, and it is
not an introversion.

It is easy to see that an introversion cannot be chosen as an axiom, since
it will surely create a contradiction in the theory.6@el has shown that = %%
a consistency statement in any theory is an introversion. The conclusion
Is that even though we might believe in the consistency of a theory, we
can never choose it as an axiom. Note that according to our definitions,
generalized continuum hypothesis and axiom of choice are profundities in
ZF theory, whereas they are theorems in IST.

The main problem of mathematics is to classify #mtire setof formulas
of IST into the four categories above. A great achievement of the twentieth
century is the recognition that this is never possible.
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Here is my translation of the Sanskrit mantra given in the beginning of the
article.

Invisible is Absolute, visible is Absolute
Universe emanates from Absolute
Delivering even the transfinite
Absolute ever remains the same

What it says is what Cantor has been telling us all along, there is an intim
connection between Reality and the realquirk. Shankara, the originator
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Advaita Philosophy calls imayg often translated loosely as illusion. If
you want to know more about the subject matter, you have to read Vedze
Philosophy.
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